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ABSTRACT: The relaxation spectrum at long times has been calculated for tree-like networks of Gaussian
strands in which all strands have the same length and all junctions have the same functionality F. The phantom
network approximation has been used, so entanglement effects are not included. As in an earlier analysis
of the equilibrium elasticity of networks, the calculations were performed in two steps. The spectrum for
an ensemble of arbitrarily large sample networks with peripheral junctions anchored at their most probable
distribution of locations was obtained, then the contribution associated with elements far removed from the
peripheral junctions was extracted. The resulting spectrum is continuous and becomes narrower with increasing
functionality. The maximum relaxation time is 7o/ (1 — 2(F - 1)/2/F) in which r, is the primary relaxation
time of unattached strands. Thus, even in the most extreme case of trifunctional junctions (F = 3), the longest
relaxation time is smaller than 207, indicating the need to consider additional structural features, such as
dangling strands and entanglements, to account for the much broader relaxation spectra of real networks.

Recently we proposed a model for dealing with equi-
librium elasticity in Gaussian networks which uses the
properties of small sample networks.!? These micronet-
works consist of Gaussian strands which are joined by
mobile junctions. They are anchored at the periphery by
other junctions which move affinely with macroscopic
deformations. The micronetworks have no internal loops,
consistent with the locally tree-like connectivity of most
real networks. They are free to assume any configuration,
regardless of the state of their environment, so effects such
as entanglement or association are not included.

The free energy of deformation for an ensemble of
micronetworks was found to consist of two terms, one
proportional to the number of strands joining two mobile
junctions (internal strands), the other proportional to the
number of strands joining a mobile junction and a fixed
junction (peripheral strands). The free energy of defor-
mation for macroscopic networks, in which all junctions
are mobile, was assumed to be associated with the term
in the micronetwork expression applying to internal
strands, with the following result for volume-preserving
deformations.

al+al+a?-3
AA = (S - HRT 2 1)

The quantities S and </ are the number of elastically active
strands and the number of junctions in the network; a,,
a,, and «, are the extension ratios along the principal axes
of deformation.

In this article we apply the same model to the calculation
of linear viscoelastic behavior in networks. The relaxation
spectrum H(7) is calculated for micronetwork ensembles

0024-9297/80/2213-0372$01.00/0

by the procedure of Zimm? for the case of no hydrody-
namic interaction (h = 0). The spectrum associated with
portions of the network which are remote from the fixed
points is then extracted and applied to macroscopic net-
works. The equilibrium and relaxation problems are re-
lated since each depends on the eigenvalues of a matrix
defined by the structure of the network. However, equi-
librium elasticity depends only on the number of eigen-
values, while relaxation behavior also depends on their
magnitudes. Thus AA depends only on the total number
of strands and junctions, while H(7) also depends on strand
length distribution and the distribution of junction func-
tionalities. Also, the separation of the contribution of fixed
junctions to relaxation behavior turns out to be less
straightforward than that in equilibrium elasticity because
the effects of fixed junctions on H(r) extend well into the
micronetwork interior.

We consider here only the simplest possible structure
with tree-like local connectivity: all strands have the same
contour length, and all junctions have the same function-
ality. Interactions between the network and its sur-
roundings are characterized merely by a frictional coeffi-
cient. Attributes of real networks such as dangling
structures are not considered. Eventually we hope to ex-
tend the calculations to deal with dangling structures
which, in combination with entanglement effects, appear
to be mainly responsible for the long relaxation times of
lightly cross-linked networks.*? Since long time processes
are the principal interest we will omit intra-strand relax-
ations entirely.

Background
Several years ago Chompff and co-workers published a
series of papers on relaxation in tetrafunctional net-

© 1980 American Chemical Society



Vol. 13, No. 2, March-April 1980

works.6® The network strands were represented by se-
quences of frictional beads and linear springs. The junc-
tions were mobile while the network connectivity was
mesh-like, involving a two-dimensional cubic arrangement
which contained numerous local loops. It was shown that
at short times H{r) « 1712, associated with relaxation
within the strands. At long times H(7) = 771, associated
with cooperative relaxation through the junctions. We will
call the former strand relaxation and the latter network
relaxation. Our main interest here is in the long-time end
of the spectrum, so for simplicity we omit entirely the
resistances along the strands, localizing them at the
junctions. Thus we ignore the strand modes and focus on
the network modes, and in fact only the lowest of even
these modes.

If the junction functionality is F and the monomeric
frictional coefficient is §, the junctions each have a fric-
tional coefficient { = F n{y/2 for network strands with n
monomer units. The connectivity pattern is tree-like, as
distinct from the locally looped networks of Chompff.
Doil® has dealt with relaxations in tree-like molecules,
arriving at results similar to those of Chompff and co-
workers although he did not describe his calculations in
detail. Rubin and Zwanzig!! have treated the related
problem of vibrational spectra for tree-like arrays of mass
points connected by linear springs.

In bead-spring models the distribution of configurations
for the subchains which join the frictional sites is taken
to be Gaussian. The subchains are therefore mechanically
equivalent to linear springs with the spring constant K =
3RT/{r*),, {r*) being the mean-square end-to-end distance
of free subchains.® In our analysis, where the long-time
relaxations are emphasized, each network strand is in effect
a subchain.

In the Zimm calculation each bead is subject to a force
balance, such that

Fdrag + Fspring + Fosmotic =0 (2)

In matrix notation, with x and ¢/6x as column vectors for
the x components of the NNV frictional beads of the molecule,
and with all beads having the same frictional coefficient
.(—!

o Iny

X

—§‘% x - KAx - kT 0 (3)
The systematic velocity of the medium is here taken to be
zero (such as would be the case for all times greater than
zero in a stress relaxation experiment); ¢ is the distribution
function for the bead positions. The terms in the matrix
A depend on the connections among the beads; ~-K(A-x);

is the sum of x component spring forces acting on bead

3-2 -1 -1 -1
-1  3-a 0 0
-1 0 3-2 0
Z1_.0 _ 0 _ _3-a
0 770 0
Det(A-A)=10 -1 0 0
0 0 -1 0
0 0 -1 0
0 0 0 -1
0 0 0 -1

{. Similar equations apply to the y and z components of
the beads. The relaxation times for a collection of such

2K
Bl W
[ ]

N
G(t) = vkTY exp

=1

coococowool o
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Figure 1. Trifunctional third order micronetwork.

in which » is the number of molecules per unit volume and
the A; are the eigenvalues of the connectivity matrix A.

Calculations for Micronetworks

The calculation for micronetworks proceeds in the
manner described above, the force balances being applied
in this case to frictional beads at the mobile junctions.
Figure 1 is a sketch of a third order, trifunctional micro-
network built around a central junction. There are ten
mobile junctions, each with frictional coefficient ¢ =
3n{,/2, and there are 12 fixed junctions. Thus N = 10 with
the mobile junctions labeled 1, 2, ..., 10 outward from the
central junction. Row { in the connectivity matrix corre-
sponds to mobile junction i. The matrix rows are con-
structed by writing +3 in the diagonal position (the total
number of strands leading away from that junction), -1
in any column j of that row when one of the strands leads
to the mobile junction labeled j, and 0 otherwise. Thus,
for the example above, we get eq 5. The eigenvalues are

3 -1 -1-10 0 0 0 0 0

2138 0 0 -1 -10 0 0 0

10 3 0 0 0 -1-10 0

10 0 3 0 0 0 0 -1 -1

0 -10 0 3 0 0 0 0 0 |,
A=l 210 0 0 3 0 0o o o |®

0O 0 -10 0 0 3 0 0 0

0 0 -10 0 0 0 3 0 0

0 0 0 -10 0 0 0 3 0

0 0 0 -10 0 0 0 0 3

solutions of the characteristic equation for A, eq 6, which
Det(A-N =0 (6)

for the example is given in eq 7. The characteristic

0 0 0 0 0
1 -1 0 0 0 0
0 -1 -1 0 0
-_9__0__0 1 _-1__
) 0" 0T 0T "
3-x 0 0 0 0 (7)
0 3-2 0 0 0
0 0 3-12 0 0
0 0 0 3-2 0
0 0 0 0 3-2

equation can be obtained by successive partitioning of the
determinant, using the identity!?

A
e
Thus, with the partitioning indicated by dashed lines in
eq 7,

M| = Bl pi.iaA-B-D'-Cl (8)
D |
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3-A2 0 0 0 0 0
0 3-x2 O 0 0 0
Det(A -A)=10 0 3-x 0 0 0 .
0 0 0 3-x 0 0
0 0 0 0 3-2 0
0 0 0 0 0 3-a
3-x -1 -1 -1
2
-1 3-n-——- 0
3-A
-1 0 3-A- 0 )
3-a
2
-1 0 0 3-A-——
3-2

With further partitioning of the second determinant, the
right side of eq 9 becomes

2
S3~-Ax=-—— 0 0
3 -2
(3"}\)60 3"}\"5——?\ [ ]
2
0 0 3-x-—
3-x
3
3-a-
‘ 5 n -2/ -M)] ' (10)
or
2 3 3
. 6 _ = _ _
@ A)(3 A 3—A)(3 A 3—A—[3/<3—m)

(11)
The characteristic equation is therefore
(B=-N™B-MN2-2%((B-N2-5)=0 (12)
and the ten roots are
A=3,3,33,3+22 3+ 21/2 3-2/2 3-21/2
3+ 512 3~ 512

The generalization of the partitioning procedure to
regular micronetworks of arbitrary order J and junction
functionality F is straightforward. Let C, (F,A) be a con-
tinued fraction of the form

Co(F,\) =F -\~ F-1 (13)
F-1
F-x-
F—)- _Fi_
F-\-..
such that
C(F)\) = F -\
F-1
CoFN) = F =\ -7
CFN =F-n-—F-L
F-»x- E
F-2)
etc. (14)

Successive partitioning of the determinant for J-order
F-functional micronetworks leads to the following char-
acteristic equation

_p)-2 -1)9-3 -1)44
CFE-V 20 FE-DIS, 0 FF D™ 0 F,

1
[ et

Macromolecules
With the substitution
1 F-X
z2+-= — (16)
2z (F _ 1)1/2
the continued fractions can be written
_(F-DY2 S, -
" 4 Sm—l(z) ( )
in which
m ) 1- 2m+2
Sn(z) = Y%= —2 (18)
i=0 1-22

Thus, the characteristic equation is

_ /2 HEE- ey
.(17_1)__ (mﬁ g p(F—2)(F-1)"'2"").
4 m=1 m

9
[SJ - f,z__lsJ—z ](SJ—l)F_l =0 (19

The roots of eq 19 are thus the roots of S,, (m =1, 2,

..y d — 1) and the roots of S; - [22/(F - 1)]S,_,. The roots
of S,, are known’

imr

r=12..m (20)
and therefore
F-x 1 rr
S + =9 _r
(F - 1)1/2 Zn(r) 2, (r) S 1
r=12..,m (21)
S0
2(F - 1)¥/2 r
Am(r)—(l— 7 cosm_f_1 F
r=1,2..,m (22)

Finally, the relaxation modulus of the micronetwork en-
semble is

J
G(t) = G, + vkT| X exp| - ,t + (F -
r=1 TJ (f‘)
J-1

DL exp| -5

S
1)7-2 El exp[ _— ] ] (23)

in which v in the number of micronetworks per unit vol-
ume, G, is the equilibrium shear modulus of the micro-
network ensemble, 7,,(r) indicates the relaxation times
associated with S,

J-2
+ F(F-2) X (F-
m=1

To
2(F - 1)/2 Tr

F 8 1

r=1,2.,m (24)

TR(r) =

the 7,%r) are derived from the solutions of S; - [22/(F -
DS, =0, and
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3 ¢ 3 né(rt
T 9KF ~  12kT

For large order micronetworks the term in eq 23 con-
taining the double sum dominates. Thus, with negligible
error, we can write (for J > 1):

(25)

Ty

Gt = G, +
FF-2)22 & ot
SERTEETIRA [Zl e"p[ rm<r>]] 26

Relaxation Spectra in Macroscopic Networks

The number of j-order junctions in a regular J-order
F-functional micronetwork (counting outward from the
center) is F(F - 1)/2 (2 < j < J). Thus, the number of
mobile junctions connected directly to fixed junctions is
F(F - 1)72, the number with one intervening mobile
junction is F(F - 1)773, ..., and finally the number with m
intervening mobile junctions is F(F - 1)1 (m =1, ...,
J — 1). Therefore, G(t) in large micronetworks (eq 26) is
given by a sum over all m of the number of mobile junc-
tions which are m strands removed from fixed junctions,
multiplied by a contribution which depends on m, that is,
the number of intervening mobile junctions to a fixed
point. In macroscopic networks all junctions are equivalent
and far removed from fixed points. We therefore take as
the spectrum for macroscopic networks the limiting con-
tribution to the micronetwork spectrum associated with
junctions far removed from the nearest fixed point:

) li 70
7(r) = lim ,
mee | 2F-1 ar
- F cos m+1

r=1,2,...,m 27

which assumes the continuous form
70

) 2(F - 1)1/2
F

Accordingly, the network relaxation times of the macro-

scopic network are distributed continuously over the range

from 1 = 70/ (1 + [2(F ~ Y2/ F]) t0 Tpay = 7o/(1 - [2(F

- 1)Y/2/F]) with the density obtainable from eq 28.

The relaxation spectrum can now be calculated. Solving
eq 28 for £ we find

£=lcos‘1[a(1—z)] (29)
w T

7(§) = , 0<&E<1 (29

cos w&

S0
1/2
dg = = : 2] Ddr o (30
s TO T
1- a2(1 - -
. ,
in which
a=F/2(F-1)1/2 (31)
Now H(r) is defined such that
gt = H#)dInr 39
¢ = TNET (32)
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in which N is the number of junctions per unit volume in
the macroscopic network. Therefore

’a To/T
= T
H(T) Nk 27I'(F— 1)1/2 F2 \ 1/2
1- m(l - 10/ 7)
Tmin < T < Tmax (33)

and the stress relaxation modulus of the macroscopic
network is

G(t) = G, +
g ; 9F — 1)1/2 T
NkaO exp — ;)(1 - cos 7r$) | dt (34)
or
2F - 1)V |
G(t) = G, + NkTet/mol,| =——"— (35)
FTO

in which I; () is the modified Bessel function of order zero.
The equilibrium modulus G, is (NRT/2)(F - 2) according
to results given elsewhere.!*

In principle the value of 7, for such regular networks can
be estimated from viscosity measurements on the un-
cross-linked polymer. The viscosity of linear chains with
molecular weight equal to the strand molecular weight M,
is given by the Rouse expression

- §‘0n<r2>()Nap

in which N, is Avogadro’s number and p is the polymer
density. When this is used to eliminate {, from eq 25 the
result is .

_ 3ns 3nM,
~ wkT = pRT

(37)

To

Of course this estimate omits entanglement and dangling
strand contributions and thus drastically underestimates
the relaxation time for most real networks.

The breadth of the network spectrum can be charac-
terized by the ratio (r2)/(r)% With

(r) fl SR P —— (38)
T) = =
01— i cos Tk (o = )12

and
1 2 3. 2
Ty 64 TO
(r%) = f g d = (39)
 1)3/2
0 (1—lcos rg) (a*=1)
[04
we obtain
(%) _ ! _ F

(12 (a?- 12 F-2 (“0)

Thus the network spectrum becomes narrower as the
functionality of the junctions increases. This can be seen
in Figure 2 in which the relaxation spectrum calculated
from eq 33 is shown for different network functionalities.
Again it must be emphasized that the results will be se-
riously in error and the spectrum spread over a much wider
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Figure 2, Relaxation spectra calculated from eq 33 for tri-
functional and tetrafunctional networks.

range of times when dangling strand and entanglement
contributions are important.

The micronetwork ensemble for F' = 2 is simply a col-
lection of linear chains with end points fixed. One can
easily show that for F = 2 the relaxation times in eq 27,
for m still finite, are

70/2
Tm(r) = o/
sin2 _wr__
2(m +1)
r=12 .,m (41)

which, as expected, is the familiar expression for Rouse
relaxation times.

It is interesting, but perhaps only fortuitous, that
(72)/(7)? = 2 for tetrafunctional junctions, which is very
close to the value for the terminal spectrum in noncross-
linked but highly entangled chains, deduced from the
values of plateau modulus G° and steady state compliance
J,2 at high molecular weights®

G\OJ O = (72) /(1)? = 2~3 (42)

Macromolecules

In their treatment of vibrational spectra for trees of mass
points and springs Rubin and Zwanzig!! obtain the same
set of eigenvalues as ours (eq 22) although by a somewhat
different method. The spectrum they derive differs of
course from a relaxation spectrum. However, the major
difference is that they stop short of separating out for
particular attention the contributions associated with el-
ements far removed from fixed points, When we do this
we obtain a continuous spectrum in the limit (eq 28), while
their spectrum, retaining the contributions of all elements,
is discontinuous (as is the unseparated spectrum implicit
in our eq 23). Such a separation is necessary when ap-
plying the results to macroscopic networks because of the
unrepresentative behavior of elements near fixed points.
The separation procedure we have used seems reasonable
from a physical standpoint, but we are unable to offer a
more precise justification.
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